CSM - 52/19
_Mathematics
Paper — |

- Time :.3 hours
Full Marks : 300
The figures in the right-hand margin indicate marks.
- Candidates shou]d attempt' Q. No. 1 from .
Section— A and Q. No. § from Section — B
 which are compulsory and any three of

the remaining questions, selecting
at least one from each Section.

SECTION-A

1. (a) Let 'p be a prime and m, a positive integer
such that p""1 divides o(G). Then prove that
there exists a subgroup H of G such that
o(G) = p™. o ' %45

{(b) Prove thatif V is a finite dimensional vector -
~space and {Vq, Vg, -.:erey Vot iS @ linearly
independent subset of V, then it can be
extended to form a basis of V. | 15
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(¢) If Hand K are finite subgroups of group G of
order o(H) and o(K) respectively, then prove

: _ o(H)o(K)
hat O(HK) = oHAK) " 15

(d) Find the equation of the sphere
circumscribihg the tetrahedron bounded by
the planesy +z =0,z +x=0,x+y=0and
x+y+z=1 and find its radius and centre.

510

2. (a) Find all the homomorphisms from
ZIAZ to Z/6Z. . 15

(b) LetR be a commutative ring with unity. LetA

be an ideal of R. Show that A[ ] [ ].

Hence, prove or disprove that if A is
prime ideal of R, then A[x] is prime ideal of
RX. . 15
(c) LetVand W are two vectors spaces and let
T:V — W be a linear transforma_tion,: then

Rank T + Nullity T = dim V. S
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~ (d) Find the enveloping cylinder of the surface

e
X y z ;
_2 EE _.2_ 1'and the equatlons_of

whose generators are x =y = Z. G
3. (a) Let R be a ring having more than one

‘elementsuchthataR = R for all0zae R.
Show that R is a division nng 15

(b) Prove that all vectors in the vector space R3
with v, — v, + 4vz = 0 is a subspace of R3.

Determine a basis and the dimension of the |

subspace. 15
: : 1 6 1

(c) Diagonalize the matrix A = 1 2 0land
: ‘ 0 0 3

find the modal matrix. Hence find A%. - 15

i 00
(d) Check whether the matrixA= |0 0 ilis
: ' > 0 i 0

Hermitian or Skew-Hermitian or unitary. Find

its eigenvalues and eigenvectors. 15
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4. (a)

Find the range, rank, kernel and nuility

of the linear transformation T : R3 — R3

such that T(x,y, z) = (x +z x+y+2z

2x+y+32). - . 15

(b)

(c)

Show that every subgroup of an abelian

group is normal. Give an example.' 15

The line of intersection of a pair of

perpendicular tangent planes to the

e o
ellipsoid — + —+ — =1, passes through
P 22 o 7 P ,7 g

a fixed point (0, 0, oc)’ Show that the line of

intersection lies on the cone x?(b? + ¢ — 0?)
+yA(c? +a?-0?) +(z- ) (a% + b?) = 0.

(d)

15

Find the eigénvalues and eigenvectors of

the matrix 5

O 2 N
.;.a b - et
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SECTION-B

5. (a) Letf:[0,1]=[0, 1] be a contraction map.

(b)

Then (i) f has a unique fixed point
£ e (0, 1) and (ii) given x, €[0,1], there
exists a sequence (x,) defined by the

iteration scheme x, . 4 = f(x.) : n - 0;1,2

... such that x. — £ and | x, — £ |

e X = X
= | X4 = Xgl

PaE R o 15

The arc of the cardioids r = a(1 + cosf)

included between -_% <0< ’-'}é is rotatéd_

- about the line 8 = 5. Show that the

(©)

area of the surface thus generated is
48\2na?/5 . /15

Find the equation of the tangent plane and -

 the normal line to the surface yz — zx + xy + 5

=0atthepoint(1,-1,2. 15
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(d) Prove that a monotonic increasing
sequence (x,) bounded above is convergeni

and lim x,, = sup x, € R. Also, prove that the

. = | ‘ -
sequence x, = (1 + = )" converges. 15

6. (a) Let f: [0, 11 > R be defined by f(x) =

: —1—<x<—1—
n+1 . n, wherene N.
X = :

f(x) =
: 0

O J|=

Show that f is integrable and

1 11;.2 . “
[fogdx=—-1_ . ; 15
ol b ddd

- (b) Iff(2)=ulx,y) +iv(x,y)is différentiable at z,
~ show that the Cauchy-Riemann equation

5 hold at Zgy = X + iyg. Again, show that the
function f defined by (2) = | Re z Im 2|2
satisﬁes the Cauchy-Riemann équation at

origin. Is it differentiable at origin ? Justify. 15
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(c) Show that the radius of curvature of the curve

; 2 a2 !
A 2 = X t=r="1ii :
given by x°y = a 5 | 18 the least for

‘ : 9a
the point x = a and its value there is 10 15

(d) 'Show that the improper integral | -—’fﬁt'—r—‘ldt ‘
| 1

is convergent if p> 0 and test the

u ,
convergence of the integral jsin—%dx 15
X

' el -
7. (a) Evaluate | »(ﬁ 3+22 P dz where

cis|z|=1. 15

(b) Show that the function f(x y)
e-lx- yl

x ! zxy IE yz ' when'(x, y) # (X, X) and

f(0, 0) = 0 is continuous at (0, 0). 15

(c) Verify Stoke’s theorem for F = [y2, xy, -x2],
~ where S is the hemisphere x2 + y2 + z2 = a2,

220 ' b
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(d) Find the volume of the solid surrounded -

bythe surfacé(%)% + [!)% + [-z-}% =1

b
15
199 m—-1 : -

8. (a) Prove that_f dx =——— form,

. 14 x" [ M

n sinf —

e
ne Nwithn>m>0. i 15

(b) Verify Green's theorem, find the area of the
: region in the first quadrant bounded by the

X 15

curvesy=x,y=-,y= 7.
(c) Prove that the vector function F = [6xy + 2,
3x2 -z, 3xz2 - y] is irrotational. Find a scalar

function f(x, y, z) such that F = Vf. 15

(d) Find all possible Laurent series of f(z) =

722+ 02 ~18

about its singular points. 15
2° -0z ' ST
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